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Abstract
In this paper, the authors study the large time behavior for the weak solutions to a class system
of the incompressible non-Newtonian fluids in R2. It is proved that the weak solutions decay in L2
norm at (1 + t)−1/2 and the estimate for the decay rate is sharp in the sense that it coincides with the
decay rate of a solution to the heat equation.
 2004 Elsevier Inc. All rights reserved.
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1. Introduction
In this paper we consider the optimal decay rate of global solutions to the Cauchy
problem for 2-dimensional non-Newtonian fluids
ut −∆u+ (u · ∇)u− ∇ ·
(∣∣e(u)∣∣p−2e(u))+ ∇π = 0, (1.1)
∇ · u = 0, (1.2)
u(x,0)= u0. (1.3)
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fluids as the point (x, t) ∈ R2 × (0,∞), while u0 is the given initial velocity vector field.
For simplicity, we assume that the external force has a scalar potential and it is included
into the pressure gradient. e(u) = (eij (u)) is the symmetric deformations velocity tensor
whose components are given
eij (u) = 12
(
∂ui
∂xj
+ ∂uj
∂xi
)
,
and |e(u)| = (eij (u)eij (u))1/2. The non-Newtonian model above includes shear thinning
(p < 2) and shear thickening (p > 2). When p = 2, as we know, the system turns out to
be the famous Navier–Stokes equations (see [4,10]).
There is an extensive literature on the solutions of the incompressible non-Newtonian
fluids. Ladyzhenskaya [5] and Lions [6] first discussed the existence and uniqueness for
weak solutions of the sort model, Bellout et al. [3] studied the existence of Young measure
solutions of non-Newtonian bipolar fluids. Bae and Choe [1,2] obtained the existence,
uniqueness, regularity and decay rates of solutions to the monopolar fluids. Pokorny [8]
investigated the Cauchy problem for both monopolar and bipolar fluids. As for the large
time behavior of solutions, Necˇasová and Penel [7] recently studied uniformly algebraic
decay in R3 and logarithmic decay in R2 by using Fourier splitting methods which were
developed by Schonbek [9] and Wiegner [11], for example, they got the decay of the L2
norm is (ln(t + e))−m, m ∈ N , in R2, assuming L1 ∩L2 integrability of the initial data u0.
The purpose of this paper is also to investigate the L2 decay rates for the weak solutions
of this incompressible non-Newtonian fluid in R2. By improving the Fourier splitting
method [12], we will show that if the initial data u0 ∈ L2 ∩L1, then the solutions decay in
L2 norm at (1 + t)−1/2, the decay rates are optimal in the sense that they coincide with the
decay rates of the solution to the heat equation.
The remains of this paper are organized as follows. In Section 2, we introduce the
mathematical preliminaries and state our main results. In Section 3, we prove some
auxiliary lemma and finally we apply this result to prove the main theorems in Sections 4
and 5.
2. Statement of the main results
Throughout this paper, we denote by Lq(R2) the usual Lebesgue space with the norm
‖ · ‖q . In particular ‖ · ‖ = ‖ · ‖2. Wm,p(R2) is the usual Sobolev space with the norm
‖ · ‖m,p . For a Banach space X, X2 = {u = (u1, u2): ui ∈ X}, Lq(0, T ;X) is the space of
all measurable functions u : (0, T ) → X with the norm ‖u‖qLq(0,T ;X) =
∫ T
0 ‖u‖qX dt . When
q = ∞, ‖u‖L∞(0,T ;X) = ess supt∈[0,T ] ‖u‖X . C(I ;X) denotes the space of continuous
functions from the interval I to X. We denote by H = {ϕ ∈ L2(R2)2, divϕ = 0}. The
Fourier transformation of a function f is denoted by
F [f ](ξ) = fˆ (ξ) =
∫
2
f (x) · e−ix·ξ dx, ξ = (ξ1, ξ2) ∈ R2.
R
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initial data u0, but never depends on t > 0.
By a weak solution of the Cauchy problem (1.1)–(1.3) we mean a function
u ∈ L2((0, T ); (W 1,2)2)∩L∞([0, T );H)∩Lp((0, T ); (W 1,p)2) (∀T > 0),
which satisfies∫
R2
u(t) · ϕ(t) dx −
t∫
0
∫
R2
u · ∂ϕ
∂t
dx dt +
t∫
0
∫
R2
uj
∂ui
∂xj
ϕi dx dt
+
t∫
0
∫
R2
(
1 + ∣∣e(u)∣∣p−2)eij (u) · eij (ϕ) dx dt
=
∫
R2
u0 · ϕ(0) dx (2.1)
a.e. t ∈ (0, T ) for every ϕ ∈ C1([0, T ),H)∩ C([0, T ),W 1,2(R2)2 ∩ W 1,p(R2)2).
We remark that the weak solution u(x, t) of (1.1)–(1.3) satisfies the following energy
inequality:
1
2
d
dt
∫
R2
|u|2 dx +
∫
R2
|∇u|2 dx +
∫
R2
|∇u|p dx  0. (2.2)
Our main theorems are the following
Theorem 2.1. Let u0 ∈ H ∩ L1. Then we have the decay estimate for the solutions of the
problem (1.1)–(1.3),∥∥u(t)∥∥ C(1 + t)−1/2 ∀t > 0. (2.3)
The above result is sharp in the following sense.
Theorem 2.2. Let u(t) be a weak solution of (1.1)–(1.3), and v(t) the solution of the linear
heat equation with the same initial value u0 ∈ H ∩ L1. Then∥∥u(t) − v(t)∥∥ C(1 + t)−3/4 for t > 1. (2.4)
3. Some auxiliary lemmas
In this section, we prove an auxiliary lemma, which will be employed in the proof of
the main theorems.
Lemma 3.1 (Gronwall inequality). Let f (t), g(t), h(t) be nonnegative continuous func-
tions and satisfy the inequality
g(t) f (t) +
t∫
g(s)h(s) ds ∀t > 0,0
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g(t) f (t) exp
( t∫
0
h(s) ds
)
∀t > 0. (3.1)
Lemma 3.2. Let u0 ∈ H ∩L1, and u be a weak solution of (1.1)–(1.3). Then
sup
0t∞
∥∥u(t)∥∥ ‖u0‖, (3.2)
∣∣uˆ(ξ, t)∣∣ C + C|ξ | + C|ξ |
t∫
0
∥∥u(s)∥∥2 ds. (3.3)
Proof. From the energy inequality (2.2), it is easy to get (3.2).
Applying the Fourier transformation to (1.1), we have
uˆt + |ξ |2uˆ = F
[−(u · ∇)u− ∇π + ∇ · (∣∣e(u)∣∣p−2e(u))]=: G(ξ, t). (3.4)
Now we estimate G(ξ, t).
∣∣F [(u · ∇)u]∣∣= ∣∣F [div(u⊗ u)]∣∣∑
i,j
∫
Rn
|uiuj ||ξj |dx  |ξ |‖u‖2, (3.5)
∣∣F [∇ · (∣∣e(u)∣∣p−2e(u))]∣∣ |ξ |∣∣F [∣∣e(u)∣∣p−2e(u)]∣∣ |ξ |‖∇u‖p−1p−1. (3.6)
Taking divergence of (1.1), we get
∆π =
∑
i,j
∂2
∂xi∂xj
(−uiuj + ∣∣e(u)∣∣p−2eij (u)).
The Fourier transformation yields
|ξ |2F [π] =
∑
i,j
ξiξjF
[−uiuj + ∣∣e(u)∣∣p−2eij (u)],
and thus∣∣F [∇π]∣∣ |ξ |∣∣F [π]∣∣ |ξ |‖u‖2 + |ξ |‖∇u‖p−1p−1. (3.7)
Inserting (3.5)–(3.7) into G(ξ, t) we have∣∣G(ξ, t)∣∣ C|ξ |‖u‖2 + C|ξ |‖∇u‖p−1p−1. (3.8)
From (3.4),
uˆ(ξ, t) = uˆ0(ξ)e−|ξ |2t +
t∫
G(ξ, t)e−|ξ |2(t−s) ds. (3.9)0
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Lp(0,∞;Lp) for p  3, by using interpolation technology, we have
∞∫
0
‖∇u‖p−1p−1 ds  C, (3.10)
where C is independent of time. Hence (3.9) imply, noting that |uˆ0(ξ)|  ‖u0‖1  C if
u0 ∈ L1,
∣∣uˆ(ξ, t)∣∣ ‖u0‖1 + C|ξ |
t∫
0
(∥∥u(s)∥∥2 + ‖∇u‖p−1p−1)ds
 C + C|ξ | + C|ξ |
t∫
0
∥∥u(s)∥∥2 ds.
The proof of this lemma is completed. 
4. Proof of Theorem 2.1
From the energy inequality (2.2), it follows that
1
2
d
dt
∫
R2
|u|2 dx +
∫
R2
|∇u|2 dx  0. (4.1)
Applying Plancherel’s theorem to (4.1) yields
1
2
d
dt
∫
R2
∣∣uˆ(ξ, t)∣∣2 dξ + ∫
R2
|ξ |2∣∣uˆ(ξ, t)∣∣2 dξ  0. (4.2)
Let f (t) be a continuous function of t with f (0) = 1, f (t) > 0 and f ′(t) > 0, then we
have
d
dt
(
f (t)
∫
R2
∣∣uˆ(ξ, t)∣∣2 dξ
)
+ 2f (t)
∫
R2
|ξ |2∣∣uˆ(ξ, t)∣∣2 dξ  f ′(t)∫
R2
∣∣uˆ(ξ, t)∣∣2 dξ.
Let B(t) = {ξ ∈ R2: 2f (t)|ξ |2  f ′(t)}; then
2f (t)
∫
R2
|ξ |2∣∣uˆ(ξ, t)∣∣2 dξ
= 2f (t)
∫
c
|ξ |2∣∣uˆ(ξ, t)∣∣2 dξ + 2f (t) ∫ |ξ |2∣∣uˆ(ξ, t)∣∣2 dξ
B(t) B(t)
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∫
B(t)c
|ξ |2∣∣uˆ(ξ, t)∣∣2 dξ
 f ′(t)
∫
R2
∣∣uˆ(ξ, t)∣∣2 dξ − f ′(t) ∫
B(t)
∣∣uˆ(ξ, t)∣∣2 dξ.
Therefore we get
d
dt
(
f (t)
∫
R2
∣∣uˆ(ξ, t)∣∣2 dξ
)
 f ′(t)
∫
B(t)
∣∣uˆ(ξ, t)∣∣2 dξ.
Integrating in time yields
f (t)
∫
R2
∣∣uˆ(ξ, t)∣∣2 dξ  ∫
R2
|uˆ0|2 dξ +C
t∫
0
f ′(s)
∫
B(s)
∣∣uˆ(ξ, s)∣∣2 dξ ds. (4.3)
Let A2 = f ′(t)/(2f (t)) and apply to Lemma 3.2. Then (4.3) implies
f (t)
∫
R2
∣∣uˆ(ξ, t)∣∣2 dξ
 C + C
t∫
0
f ′(s)
2π∫
0
dθ
A∫
0
(
1 + ρ + ρ
s∫
0
∥∥u(τ)∥∥2 dτ
)2
ρ dρ ds
 C + C
t∫
0
f ′(s)
{
f ′(s)
2f (s)
+
(
f ′(s)
2f (s)
)2
+
(
f ′(s)
2f (s)
)2( s∫
0
∥∥u(τ)∥∥2 dτ
)2}
ds.
(4.4)
Now we prove the algebraic decay rate of Theorem 2.1 by two steps. Firstly, applying
(3.2) to (4.4) implies
f (t)
∫
R2
∣∣uˆ(ξ, t)∣∣2 dξ C + C
t∫
0
f ′(s)
{
f ′(s)
2f (s)
+
(
f ′(s)
2f (s)
)2
+ s2
(
f ′(s)
2f (s)
)2}
ds.
Choose f (t) = (ln(e + t))3, then
f ′(t) = 3(ln(e + t))
2
e + t ,
f ′(t)
2f (t)
= 3
(e + t) ln(e + t) ,
by direct calculation we have∥∥uˆ(t)∥∥= ∥∥u(t)∥∥C(ln(e + t))−1. (4.5)
Next we choose f (t) = (1 + t)2 again, from (4.4) and using Hölder inequality we get
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∫
R2
∣∣uˆ(ξ, t)∣∣2 dξ  C +C(1 + t) + C
t∫
0
(1 + s)−1
( s∫
0
∥∥u(τ)∥∥2 dτ
)2
ds
 C(1 + t) +C
t∫
0
s∫
0
∥∥u(τ)∥∥4 dτ ds
 C(1 + t) +C(1 + t)
t∫
0
∥∥u(s)∥∥4 ds.
Applying (4.5) to the above inequality we infer that
(1 + t)
∫
R2
∣∣uˆ(ξ, t)∣∣2 dξ C + C
t∫
0
∥∥u(s)∥∥2(1 + s)((1 + s)−1(ln(e + s))−2)ds.
Let
g(t) = (1 + t)
∫
R2
∣∣uˆ(ξ, t)∣∣2 dξ = (1 + t)∫
R2
∣∣u(x, t)∣∣2 dx,
f (t) = C, h(t) = (1 + t)−1(ln(e + t))−2,
it is easy to see that
∞∫
0
h(t) dt < ∞,
so, applying Lemma 3.1 we have
g(t) C exp
( ∞∫
0
h(t) dt
)
C,
and thus∥∥u(t)∥∥ C(1 + t)−1/2. (4.6)
The proof of Theorem 2.1 is completed. 
5. Proof of Theorem 2.2
Denote w(t) = u(t)− v(t) the difference of u(t) and v(t), where u(t) is the solution of
the system (1.1)–(1.3) and v(t) = et∆u0 is the solution of the heat system with the same
initial data u0 as u(t). Thus w(t) satisfies the equation
wt − ∆w = −(u · ∇)u+ ∇ ·
(∣∣e(u)∣∣p−2e(u))− ∇π (5.1)
with a homogeneous initial condition w(x,0) = 0. Since u0 ∈ H, v is divergence free, and
so is w. Similar to Lemma 3.2, we have
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Proof. Applying Fourier transform to (5.1) we have
wˆt + |ξ |2wˆ = F
[−(u · ∇)u+ ∇ · (∣∣e(u)∣∣p−2e(u))− ∇π]= G(ξ, t).
By the formula of constant variation and according to (3.8) and (3.10), we have
∣∣wˆ(ξ, t)∣∣
t∫
0
∣∣G(ξ, t)e−|ξ |2t ∣∣ds C|ξ |
t∫
0
∥∥u(s)∥∥2 ds +C|ξ |
∞∫
0
‖∇u‖p−1p−1 ds
 C|ξ | ln(1 + t) + C|ξ |.  (5.3)
Now we prove Theorem 2.2. Multiplying by w and integrating over R2 yield
d
dt
‖w‖2 + 2‖∇w‖2 = 2B(u, v,w), (5.4)
where
B(u, v,w) = −((u · ∇)u,w)− (∣∣e(u)∣∣p−1e(u),∇w)
= −((u · ∇)(w + v),w)− (∣∣e(u)∣∣p−1e(u), e(w))
= −((u · ∇)v,w)− (∣∣e(u)∣∣p−1e(u), e(u− v))(
by
(
(u · ∇)w,w)= 0)
= ((u · ∇)w,v)+ (∣∣e(u)∣∣p−1e(u), e(v))− (∣∣e(u)∣∣p−1e(u), e(u)). (5.5)
As we know, v(x, t) satisfies the following decay estimate for 1  q ∞, k ∈ N, and
t > 0:∥∥Dkv(t)∥∥
q
 t−
n
2
(
1− 1q
)− k2 ‖u0‖1. (5.6)
Now we estimate the first two terms of B(u, v,w),∣∣2(((u · ∇)w,v)− (∣∣e(u)∣∣p−1e(u), e(v)))∣∣
 2‖∇w‖ ‖u‖ ‖v‖∞ + 2‖∇v‖∞ ‖∇u‖p−1p−1
 ‖∇w‖2 + ‖u‖2‖v‖2∞ + 2‖∇v‖∞ ‖∇u‖p−1p−1
 ‖∇w‖2 + C(1 + t)−1t−2 + Ct−3/2‖∇u‖p−1p−1
 ‖∇w‖2 + C(1 + t)−3 + C(1 + t)−3/2‖∇u‖p−1p−1 for t > 1. (5.7)
Since (|e(u)|p−1e(u), e(u)) > 0, thus (5.4)–(5.7) imply
d
dt
∥∥w(t)∥∥2 + ∥∥∇w(t)∥∥2  C(1 + t)−3 + C(1 + t)−3/2‖∇u‖p−1p−1.
Let f (t) and B(t) be the same as in the proof of Theorem 2.1. Similar to (4.3), we have
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∥∥wˆ(ξ, t)∥∥2 
t∫
0
f ′(s) ds
∫
B(s)
∣∣wˆ(ξ, s)∣∣2 dξ
+ C
t∫
0
f (s)
(
(1 + s)−3 + (1 + s)−3/2∥∥∇u(s)∥∥p−1
p−1
)
ds. (5.8)
Noting that B(t) = {ξ ∈ R2: 2f (t)|ξ |2  f ′(t)}, letting f (t) = (1 + t)4 and applying (5.2)
to the first term of the right-hand side to get
t∫
0
f ′(s) ds
∫
B(s)
∣∣wˆ(ξ, s)∣∣2 dξ  C(1 + t)2(ln(1 + t))2 + C(1 + t)2,
and to the second term of the right-hand side to get
t∫
0
f (s)
(
(1 + s)−3 + (1 + s)−3/2∥∥∇u(s)∥∥p−1
p−1
)
ds
 C(1 + t)2 +C(1 + t)5/2
t∫
0
∥∥∇u(s)∥∥p−1
p−1 ds  C(1 + t)5/2.
Hence, inserting the above estimates to (5.8),∥∥wˆ(t)∥∥2 = ∥∥w(t)∥∥2  C(1 + t)−3/2 for t > 1. (5.9)
So the proof of Theorem 2.2 is completed. 
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